IDEMPOTENT MODULES IN STABLE MODULE CATEGORIES (Cohomology theory of finite groups and related topics) by 飛田, 明彦
Title
IDEMPOTENT MODULES IN STABLE MODULE
CATEGORIES (Cohomology theory of finite groups and
related topics)
Author(s)飛田, 明彦




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
IDEMPOTENT MODULES IN STABLE MODULE CATEGORJES
(Akihiko Hida)
(Faculty of Education, Saitama University)
Rickard [R1] $[\mathrm{B}\mathrm{I}],[\mathrm{B}\mathrm{C}\mathrm{R}2],[\mathrm{B}\mathrm{C}\mathrm{R}3]$
. idempotent module stable category subcategory
, variety . tensor
1 .
( ) ,
. , [BCRI] , variety
.
1 trian ated category stable category . 2
idempotent module , , 3 ,
, variety idempotent module . 4
5 , (rank) variety , 6 principal
block . 7 , variety
[C2] ( ( ) ).
, , idea
. [B2],[C3],[R2], ,
[KNI],[KN2], $[\mathrm{B}\mathrm{K}],[\mathrm{D}],[\mathrm{W}\mathrm{I}]$ , [W2]
. triangulated category [C1], [H], [W] .
1. TRIANGULATED CATEGORIES
Riangulated category $\mathcal{T}$ , ml tive category , selfequivalence $\Sigma$ : $\mathcal{T}arrow \mathcal{T}$
, distinguished triangle( triangle)
$Xarrow \mathrm{Y}arrow Zarrow\Sigma X$
, .
$G$ , $k$ $p$ , $kG$ . Mod $kG$ mod $kG$
(right)kG- category, kG- category . stable category
StMod $kG$ , object Mod $kG$ ,
$\mathrm{H}\mathrm{o}\mathrm{m}(M, N)=\mathrm{H}\mathrm{o}\mathrm{m}_{kG}(M, N)/(\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{h}\mathrm{o}\mathrm{m}.)$
. $f$ : $Marrow N$ projective hommorphism ,
$f=gh,$ $h$ : $Marrow P,$ $g$ : $Parrow N,$ $P$ projective . kG-
injective cokernel , self-equivalence
$\Omega^{-1}$ : StMod $kGarrow \mathrm{S}\mathrm{t}\mathrm{M}\mathrm{o}\mathrm{d}kG$
. , triangle , StMod $kG$ triangulated cat-
egory : , Mod $kG$ exact sequence
$\mathrm{O}arrow Xarrow \mathrm{Y}arrow Zarrow \mathrm{O}$
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$\mathrm{O}arrow Xarrow$ $\mathrm{Y}arrow$ $Z$ $arrow 0$
$||$ $\downarrow$ $\downarrow$
$\mathrm{O}arrow Xarrow \mathrm{i}\mathrm{n}\mathrm{j}$ . $arrow\Omega^{-1}(X)arrow 0$
,
$Xarrow \mathrm{Y}arrow Zarrow\Omega^{-1}(X)$
. , StMod $(kG)$ triangle
. stmod $kG$ .
$\mathcal{T}$ triangulated category, $\mathrm{C}$ $\mathcal{T}$ triangulated subcategory . $\mathrm{C}$ $\mathcal{T}$
thick subcategory , direct summand , ,
$X\oplus \mathrm{Y}\in \mathrm{C}\Rightarrow X\in \mathrm{C}$
. $\mathcal{T}$ direct sum . $\mathrm{C}$ direct sum
, , $\mathrm{C}$ object $\{M\lambda|\lambda\in\Lambda\}$ ,
$\lambda\in\Lambda\oplus M_{\lambda}\in \mathrm{C}$




$\oplus X_{i}arrow 1-\alpha\oplus X_{i}$
triangle
$\oplus X_{i}arrow 1-\alpha\oplus X_{i}arrow \mathrm{Y}arrow$
, 3 $\mathrm{Y}=\mathrm{h}\mathrm{o}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{m}$ $X_{i}$ $X_{i}$ homotopy colimit .
2. IDEMPOTENT MODULES
, $\mathcal{T}=\mathrm{S}\mathrm{t}\mathrm{M}\mathrm{o}\mathrm{d}kG,$ $\mathrm{C}$ stmod $kG$ thick subcategory, $\mathrm{C}^{\oplus}$ $\mathrm{C}$ $\mathcal{T}$
localizing subcategory .
Theorem 21([R1]). $X\in \mathrm{S}\mathrm{t}\mathrm{M}\mathrm{o}\mathrm{d}kG$ , $\mathcal{T}$ triangle
$Tc(X)$ : $Ec(X)arrow Xarrow Fc(X)arrow$
:
(1) $E_{C}(X)\in \mathrm{C}^{\oplus}$
(2) $\mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{C}^{\oplus}, Fc(X\cdot))=0$ ( $Fc(X)$ $\mathrm{C}^{\oplus}$-local )
(quotient category $\mathcal{T}/\mathrm{C}^{\oplus}$ ) [R2] .
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Lemma 22. (1) $M\in \mathrm{S}\mathrm{t}\mathrm{M}\mathrm{o}\mathrm{d}kG$ ,
$M$ : $\mathrm{C}^{\oplus}- 1\mathrm{o}\mathrm{c}\mathrm{a}1\Leftrightarrow \mathrm{C}$-local.
(2) $C\in \mathrm{m}\mathrm{o}\mathrm{d} kG$ , $\mathcal{T}$ ,
$X_{0}arrow X_{1}arrow\cdots$
,
$\mathrm{H}\mathrm{o}\mathrm{m}$( $C$, hocolim $X:$ ) $\cong \mathrm{c}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{m}$ $\mathrm{H}\mathrm{o}\mathrm{m}(C, X:)$ .
(3) $\mathrm{h}\mathrm{o}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{m}X_{i}$ $\mathcal{T}/\mathrm{C}^{\oplus}$ , $X_{0}arrow X_{1}arrow\cdots$ homotopy colimit $\mathcal{T}/\mathrm{C}^{\oplus}$
object .
Pmof of Theorem 2.1. (i) $\mathcal{T}$ object $X_{i}(i\geq 0)$ $X_{0}=X$ inductive
. $X_{i}$ .
$S_{\dot{l}}=\oplus(C\otimes \mathrm{H}\mathrm{o}\mathrm{m}(C,X_{i}))$
( $C$ $\mathrm{C}$ object ) , natural map $S_{:}arrow X_{\dot{r}}$ triangle
$S_{i}arrow X_{:}arrow X_{\dot{l}+1}arrow$
$X_{i+1}$ .
(ii) $Fc(X)=\mathrm{h}\mathrm{o}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{m}$ $X_{i}$ $\mathrm{C}^{\oplus}$-local . , $C\in \mathrm{C}$ ,
$\mathrm{H}\mathrm{o}\mathrm{m}(C, X_{i})arrow \mathrm{H}\mathrm{o}\mathrm{m}(C, X_{i+1})$ 0 ,
$\mathrm{H}\mathrm{o}\mathrm{m}(C, Fc(X))=\mathrm{H}\mathrm{o}\mathrm{m}$( $C$, hocolim $X_{\dot{\iota}}$ ) $=\mathrm{c}\mathrm{o}\mathrm{h}\mathrm{m}$ $\mathrm{H}\mathrm{o}\mathrm{m}(C, X_{i})=0$
, $Fc(X)$ $\mathrm{C}$-local $\mathrm{C}^{\oplus}$-local .
(iii) triangle
$E_{C}(X)arrow Xarrow F_{C}(X)arrow$
, $Ec(X)\in \mathrm{C}^{\oplus}$ . . $S:\in \mathrm{C}^{\oplus}$ triangle
$S_{i}arrow X_{:}arrow X_{1+1}.arrow$
, $\mathcal{T}/\mathrm{C}^{\oplus}$ $X_{i}\cong X_{i+1}$ . $\mathcal{T}/\mathrm{C}^{\oplus}$ ,
$Fc(X)= \mathrm{h}\mathrm{o}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{m}\tau X_{\dot{l}}\cong \mathrm{h}\mathrm{o}\mathrm{c}\mathrm{o}\lim_{\mathcal{T}/C}\oplus X_{:}\cong X$
. $Ec(X)\in \mathrm{C}^{\oplus}$ .
Remark 23. $Tc(X)$ (1)(2) ( ) .
stmod $kG$ thick subcategory $\mathrm{C}$ tensor ideal , $M\in \mathrm{C}$ .
$N\in \mathrm{s}\mathrm{t}\mathrm{m}\mathrm{o}\mathrm{d}$ $kG$ , $M\otimes N\in \mathrm{C}$ . , $\mathrm{C}$ $\mathcal{T}$ tensor ideal
subcategory .
Lemma 24. (1) $M\in \mathrm{C}^{\oplus}$ $X\in \mathcal{T}$ , $M\otimes X\in \mathrm{C}^{\oplus}$ .
(2) $L\in \mathcal{T}$ $\mathrm{C}$-local $X\in \mathcal{T}$. $M\otimes X$ $\mathrm{C}^{\oplus}$-local.
idempotent module .
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Theorem 25( $[\mathrm{R}1$ , Proposition 5.13, Theorem 5.19]). $E=Ec(k),$ $F=Fc(k)$ .
(1) $X\in \mathcal{T}$ ,
$E_{C}(X)\cong E\otimes X$, $F_{C}(X)\cong F\otimes X$ .
(2) $X\in \mathcal{T}$ ,
$X\in \mathrm{C}^{\oplus}\Leftrightarrow X\cong E\otimes X$
$X$ : $\mathrm{C}^{\oplus}$-local9 $X\cong F\otimes X$ .
(3)
$E\otimes E\cong E$ , $F\otimes F\cong F$, $E\otimes F\cong \mathrm{O}$ .
Pmof. (1)
$T_{C}(k)$ : $Earrow karrow Farrow$
$\#_{-}^{\sim}X\text{ }$ tensor $|_{\vee}^{\vee}C$ , triangle
$E\otimes Xarrow Xarrow F\otimes Xarrow$
. Lemma 2.4 , $E\otimes X\in \mathrm{C}^{\oplus},$ $F\otimes X$ $\mathrm{C}^{\oplus}$-local .
(2) $X\in \mathrm{C}^{\oplus}$ $Tc(X)$
$X–Xarrow 0arrow$
, $X$ $\mathrm{C}$-local , $Tc(X)$
$\mathrm{O}arrow X--Xarrow$
.
(3) (1) (2) .
3. VARIETIES FOR FINITELY GENERATED MODULES
vari$ety$ . $V_{G}(k)$ $H^{*}(G, k)$
maximal ideal spectrum , kG- $M$ , $Vc(M)$ $H^{*}(G, k)$
$\mathrm{E}\mathrm{x}\mathrm{t}_{kG}^{*}(M, M)$ annihilator $Vc(k)$ closed subvariety
.
Proposition 31. (1) $\mathrm{m}\mathrm{o}\mathrm{d} kG$ ,
$0arrow M_{1}arrow M_{2}arrow M_{3}arrow 0$
, $Vc(M_{i})\subseteq V_{G}(M_{j})\cup V_{G}(M_{l})$ .
(2) $M,$ $N\in \mathrm{m}\mathrm{o}\mathrm{d} kG$ ,
$Vc(M\otimes N)=VG(M)\cap Vc(N)$ .
(3)
$V_{G}(M)=\cup \mathrm{r}\mathrm{e}\mathrm{s}_{G,E}^{*}(V_{E}(M_{E}))E$




$\ovalbox{\tt\small REJECT}(k)$ homogeneous closed subvariety $V$ , $\tilde{V}$ $V$ homogeneous closed
subvariety . $\mathcal{W}\subseteq\overline{V}c(k)$ .
$V,$ $W\in \mathcal{W}\Rightarrow V\cup W\in \mathcal{W},$ $V\in \mathcal{W},$ $W\in\overline{V}\Rightarrow W\in \mathcal{W}$ $(*)$
$\mathcal{W}$ , $\mathrm{C}(\mathcal{W})$ $Vc(M)\in \mathcal{W}$ $M$ stmod $kG$ full subcat-
egory . Proposition 3.1 tensor ideal subcategory . $E(\mathcal{W})=$
$E_{C(\mathcal{W})}(k)$ , $V\in\tilde{V}c(k)$ , $E(V)=E(\overline{V})$ .
Remark 32. $E(V)$ , cohomolo ([Rl,
6 ]). $\mathrm{C}(V)^{\oplus}$ $Vc(M)\subseteq V$ $M\in \mathrm{m}\mathrm{o}\mathrm{d} kG$ ffltered colimit
subcategory .
, $\mathcal{V},$ $\mathcal{W}$ $(*)$ . ,
$\overline{\mathcal{V}\cup \mathcal{W}}=\{Z\in\overline{V}c(k)|Z\subseteq V\cup W, V\in \mathcal{V}, W\in \mathcal{W}\}$
.
Proposition 33([Rl, Proposition 62, Theorem 75]).
$E(\mathcal{V})\otimes E(\mathcal{W})=E(\mathcal{V}\cap \mathcal{W})$,
$F(\mathcal{V})\otimes F(\mathcal{W})=F(\overline{\mathcal{V}\cup \mathcal{W}})$ .
Theorem 34(Mayer-Vietoris triangle [Rl, Theorem 81]). triangle
$E(\mathcal{V}\cap \mathcal{W})arrow E(\mathcal{V})\oplus E(\mathcal{W})arrow E(\overline{\mathcal{V}\cup \mathcal{W}})arrow’$ ,
$F(\mathcal{V}\cap \mathcal{W})arrow F(\mathcal{V})\oplus F(\mathcal{W})arrow F(\overline{\mathcal{V}\cup \mathcal{W}})arrow$ .
, idempotent module $\kappa(V)$ . $E(V)$ $\overline{V}$
, $V$ , variety
.
Definition. $V\in\overline{V}c(k)$ , $V$ $W\in\overline{V}$ $\mathcal{W}’$ ,
$\kappa(V)=E(V)\otimes F(\mathcal{W}’)$
.
Proposition 35([BCR2, Lemma 82, Theorem 85]). (1) $V\in\overline{V}c(k)$
$V_{1},$
$\ldots,$
$V_{t}$ $\text{ }$ ,
$\kappa(V)\cong\oplus_{i=1}^{t}\kappa(V_{\dot{l}})$ .




Example 36. $p=2,$ $G=\langle g_{1}, g_{2}\rangle$ 4 elemetary abelian 2-group .
$H^{*}(G, k)=k[\zeta_{1}$ , \mbox{\boldmath $\zeta$}2$]$ ( ) , $Vc(k)=k^{2}$ . $\alpha\in k$ , l
$(\alpha, 1)$ , l $(1, 0)$ .
$F(l_{\alpha})\cong k[t]\oplus k[t]$
$G$ ,
$g_{1}rightarrow(\begin{array}{ll}1 t0 1\end{array})$ , $g_{2}rightarrow(\begin{array}{ll}1 \mathrm{l}+t\alpha 0 1\end{array})$
.
. $(0, k)$ $F(l_{\alpha})$ submodule ,










$g_{1}rightarrow(\begin{array}{ll}1 t0 1\end{array})$ , $g_{2}rightarrow(\begin{array}{ll}1 10 1\end{array})$
.
4. RANK VARIETIES
$E=\langle g_{1}, \ldots, g_{r}\rangle$ $p^{r}$ elementary abelian $\mathit{1}^{\succ}\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{p}$ . $xi=g_{i}-1\in kE$
. $V_{E}^{r}(k)=k^{r},$ $\alpha=(\alpha_{1}, \ldots, \alpha_{r})\in V_{E}^{r}(k),$ $\alpha\neq 0$ , $u_{\alpha}=1+ \sum\alpha_{i}x_{i}$ .
$\langle u_{\alpha}\rangle$ $p$ .
Definition. $M\in \mathrm{M}\mathrm{o}\mathrm{d}$ $kG$ ,
$\ovalbox{\tt\small REJECT}(M)=$ { $\alpha(\neq 0)\in V_{E}^{r}(k)|M$ : not $\langle u_{\alpha}\rangle$ -free} $\cup\{0\}$
.
$K$ $k$ $\mathrm{t}\mathrm{r}.\deg_{k}K\geq r$ . $k[y_{1}, \ldots, y_{r}]$ $V_{E}^{r}(k)$
coordinate ring . $V$ $V_{E}^{r}(k)$ homogeneous irreducible closed subvariety,
$P$ $k[y_{1}, \ldots, y_{r}]$ homogeneous prime ideal, $k[V]=k[y_{1}, \ldots, y_{r}]/P,$ $k(V)$
$k[V]$ field of fractions . $k(V)$ $K$ . $k(V)\subseteq K$ .
$\alpha_{V}=(y_{1}^{-}, \ldots, y_{r}^{-}).\in K^{r}=V_{E}^{r}(K)$ .
21
Definition.
$\mathcal{V}_{E}^{r}(k)=$ { $V_{E}^{r}(k)$ homog. irred. closed subvariety(\neq {0})}
, $M\in \mathrm{M}\mathrm{o}\mathrm{d}$ $kE$ ,
$\mathcal{V}_{E}^{r}(M)=\{V\in \mathcal{V}_{E}^{r}(k)|\alpha_{V}\in V_{E}^{r}(K\otimes M)\}$
.




Theorem 42([BCR2, Corollary 56]). $M\in \mathrm{M}\mathrm{o}\mathrm{d}$ $kE$ ,
$M$ : projective $\Leftrightarrow \mathcal{V}_{E}^{r}(M)=\emptyset$.
Example 43. Example 36 $F(\mathcal{U})=F$ . $F$ projective
$\alpha\in V_{E}^{r}(k)$ , $F$ $\langle u_{\alpha}\rangle$-froe . $\mathcal{V}_{E}^{r}(F)=\{V_{E}^{r}(k)\}$ .
rank variety tensor product theorem ,
.
Theorem 44( $[\mathrm{B}\mathrm{C}\mathrm{R}2$ , Corollary 7.5]). $M,$ $N\in \mathrm{M}\mathrm{o}\mathrm{d}$ $kE$ ,
$\mathcal{V}_{E}^{f}(M\otimes N)=V_{E}(M)\cap \mathcal{V}_{E}^{r}(N)$.
rank variety variety , bijection
$\beta$ : $V_{E}^{r}(k)arrow V_{E}(k)$
, $M\in \mathrm{m}\mathrm{o}\mathrm{d} kE$ ,
$\beta(V_{E}^{r}(M))=V_{E}(M)$
. $V_{E}(k)$ homogeneous closed subvariety idem-
potent module rank variety .
$\mathcal{V}_{E}(k)=$ { $V_{E}(k)$ homog. irred. closed subvariety(\neq {0})}
.




$\kappa(V)$ rank variety Theorem 42, Theorem 4.4 .
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Remark 46. $V\in \mathcal{V}_{E}(k),$ $M\in \mathrm{M}\mathrm{o}\mathrm{d}$ $kE$ ,
$\beta^{-1}(V)\in \mathcal{V}_{E}^{r}(M)$ $\Leftrightarrow$ $\mathcal{V}_{E}^{r}(\kappa(V))\cap \mathcal{V}_{E}^{r}(M)\neq\emptyset$
$\Leftrightarrow$ $\kappa(V)\otimes M$ : not projective.
5. VARIETIES FOR INFINITELY GENERATED MODULES
[BCRI] variety , [BCRI]
, , tensor product theorem
( Proposition 3.1 (2) (4) ) $\ovalbox{\tt\small REJECT}$
. [BCR2] variety
. idempotent module $\kappa(V)$ .
Definition ([BCR2, Lemma 10.3]).
$\mathcal{V}c(k)=$ { $VG(k)\text{ }$ homog. irred. closed subvariety($\neq$ $\{0\})$ }
, $M\in \mathrm{M}\mathrm{o}\mathrm{d}$ $kG$ ,
$\mathcal{V}_{G}(M)$ $=$ { $V\in \mathcal{V}_{G}(k)|\kappa(V)\otimes M$ : not projective}
.
[BCR2] complexity ,
$v_{G}(M)=$ { $V\in \mathcal{V}_{G}(k)\mathrm{t}$ complexity of $M\otimes E(V)=\dim V$}
. . Remark 46
. .
Proposition 51([BCR2, Lemma 105]). $E$ elementary abelian $l\succ \mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{p}$ $[] \mathrm{f}^{\backslash }$ ,
$M\in \mathrm{M}\mathrm{o}\mathrm{d}$ $kE$ ,
$\beta(\mathcal{V}_{E}^{r}(M))=\mathcal{V}_{E}(M)$ .
.
Theorem 52([BCR2, Theorem 10.6, 10.7, 10.8]). $M,$ $N\in \mathrm{M}\mathrm{o}\mathrm{d}kG$ .
(1)
$\mathcal{V}_{G}(M)=\cup \mathrm{r}\mathrm{e}\mathrm{s}_{G,E}^{*}(\mathcal{V}_{E}(M_{E}))E$
, $E$ $G$ elmentary abelian $p$-subgroup .
(2) $H\leq G$ ,
$\mathcal{V}_{H}(M)=(\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*})^{-1}(\mathcal{V}_{G}(M))$.
(3)
$\mathcal{V}_{G}(M\otimes N)=\mathcal{V}_{G}(M)\cap \mathcal{V}_{G}(N)$ .
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6. COHOMOLOGY OF MODULES 1N THE PRINCIPAL BLOCK
$B_{0}(kG)$ $kG$ principal block . $B_{0}(kG)$
. $\mathcal{W}\subseteq\overline{V}c(k)$ , $\mathrm{C}\mathrm{o}(\mathcal{W})$ $Vc(M)\in \mathcal{W}$ $M$
stmod $B_{0}(kG)$ full subcategry, $W\in\overline{V}c(k)$ ,. $\mathrm{C}_{0}(W)=\mathrm{C}_{0}(\overline{W})$ .
[B1] , [BCR] idempotent module .
. $L\subseteq Vc(k)$ , $E$ $L\subseteq \mathrm{r}\mathrm{e}\mathrm{s}_{G,E}^{*}(V_{E}(k))$
elementary abelim psubgroup . $\mathrm{r}\mathrm{e}\mathrm{s}_{G,E}^{*}(l\mathrm{o})=L$ $l_{0}$
, $D$ $Nc(E)$ $l_{0}$ stabilizer, $l=\mathrm{r}\mathrm{a}\mathrm{e}_{E,D}^{*}(l_{0})$ .
Theorem 61([Bl, Theorem 31]).
$E(l)\uparrow^{G}\cong E(L)$ .
Corollary 62. $M\in \mathrm{M}\mathrm{o}\mathrm{d}$ $kG,$ $v_{G}(M)\subseteq\{L\}$ ,
$M\cong N\uparrow^{G}$ (in StMod $kG$)
$N\in \mathrm{M}\mathrm{o}\mathrm{d}$ $kD$ .
Definition ([BCR, Definition 101]).
$\mathrm{Y}_{G}=\cup \mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*}(V_{H}(k))\cup\{0\}H\leq G$
($H$ $Cc(H)$ pnilpotent subgroup ) nucleus .
Corollary 62 . variety , $D$
[BCR] .
Theorem 63([Bl, Corollary 53]). $M\in \mathrm{M}\mathrm{o}\mathrm{d}$ $B_{0}(kG)$ non-projective , $\mathcal{V}_{G}(M)\not\subset$
$\ovalbox{\tt\small REJECT}$ . ,
$H^{n}(G, M)\neq 0$
$n>0$ .
[BCR] nuclear homology module .
Corollary 64([Bl, Theorem 12]). stmod $B_{0}(kG)$ $k$ $\mathrm{C}_{0}(\mathrm{Y}_{G})$ thick
subcategory $\langle k, \mathrm{C}\mathrm{o}(\mathrm{Y}c)\rangle$ .
[BCR3] [N] , stmod $kG$ thick subcategory .
3 $(*)$ $\mathcal{W}$ , $C\mathrm{o}(\mathcal{W})$ stmod $B_{0}(kG)$ thick subcategory
. [BCR3] , nucleus $\mathrm{Y}c$ stmod $B_{0}(kG)$ thick sub-
category , . , $W\in\overline{V}_{G}(k)$
, $\mathrm{C}\mathrm{o}(W)$ , Corollary 6.4
.
Theorem 65([BCR3, Proposition 54, 57]). $M\in \mathrm{m}\mathrm{o}\mathrm{d} kG,$ $Vc(M)=W$ ,
$\mathrm{C}\mathrm{o}(W)=\langle M,\mathrm{C}\mathrm{o}(\mathrm{Y}_{G}\cap W)\rangle$ .
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$\mathrm{C}$ stmod $B_{0}(kG)$ thick subcategory , $\mathcal{W}=\{Vc(M)|M\in \mathrm{C}\}$ .
$\mathrm{C}\subseteq \mathrm{C}_{0}(\mathcal{W})$ . , $M\in \mathrm{C}_{0}(\mathcal{W})$ , $W=V_{G}(M)=V_{G}(N)$ $N\in \mathrm{C}$
, ,
$M\in \mathrm{C}_{0}(W)=\langle N, \mathrm{C}_{0}(W\cap \mathrm{Y}c)\rangle\subseteq\langle \mathrm{C}, \mathrm{C}_{0}(\mathcal{W}\cap\tilde{\mathrm{Y}}_{G})\rangle$
. .
Corollary 6.6 ([BCR3, Theorem 55, 58]).
$\mathrm{C}_{0}(\mathcal{W})=\langle \mathrm{C},\mathrm{C}_{0}(\mathcal{W}\cap\overline{\mathrm{Y}}_{G})\rangle$ .
, $\mathrm{Y}c=$ {0}( order $p$ element centralizer $\mathit{1}^{\succ \mathrm{n}\mathrm{i}1}\mathrm{P}^{\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{n}\mathrm{t})}$
stmod $B_{0}(kG)$ thick subcatgory $\mathrm{C}_{0}(\mathcal{W})$ .
7. VARIETIES AND INDUCTION
71. . ( ) . Carlson [C2]
. , ,
,
(1) Benson (Theorem 6.1)
(2) Introduction ( )
The statement and proof of the main theorem are $\mathrm{v}\mathrm{e}\mathrm{r}.\mathrm{y}$ technical and use






. , $L^{\uparrow G}$ Dffi. $M_{\downarrow H}$ $L^{G}$ $M_{H}$ ,
$M_{|H}$ . $H\leq G$ $s\in G$ $H^{s}=s^{-1}.Hs$ .
. . closed subvariety $V\subseteq Vc(k)$ $\mathfrak{H}(V)=\mathcal{V}c(k)\cap\overline{V}(=$
$\{X\in \mathcal{V}_{G}(k)|X\subseteq V\})$ .
Proposition 71. (1) subvariety $V\subseteq V_{G}(k)$ idempotent modules vari-
eties
$\mathcal{V}c(E(V))--\mathfrak{H}(V)$ , $\mathcal{V}c(F(V))=\mathcal{V}c(k)\backslash fi(V)$
.
(2) $H\leq G$ kH- $L$
$\mathcal{V}_{G}(L^{G})=\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*}\mathcal{V}_{H}(L)$ .
72. Main theorem. . irreducible subvariety
$X\in \mathcal{V}c(k)$ $H$ $(\mathrm{i}\mathrm{e}, X\in \mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*}(\mathcal{V}_{H}(k)))$ $H$
support . , $H$ support $\mathrm{A}$}
minimally support . , $X$ $H$ (minimally) support
, $H$ $X$ (minimal) $.\mathrm{s}\mathrm{u}\mathrm{p}$ ort . Theorem 52(1) ,
minimal support p- . Lemma .
25
Lemma 72. irreducible subvariety $X\in \mathcal{V}c(k)$ p- $A$ support
. , $KA$ shifted cyclic subgroup $\langle u_{\alpha}\rangle$
kG- $M$ ,
$X\in \mathcal{V}c(M)\Leftrightarrow K\otimes M$ $K\langle u_{\alpha}\rangle$
.
Proof. $X$ $A$ support , $\mathrm{Y}\in \mathcal{V}_{A}(k)$ , $X=\mathrm{r}\mathrm{a}\mathrm{e}_{G,A}^{*}\mathrm{Y}$
. $\beta^{-1}$ : $\mathcal{V}_{A}(k)arrow \mathcal{V}_{A}^{\mathrm{r}}(k)$ $\mathrm{Y}$ $\beta^{-1}(\mathrm{Y})\in \mathcal{V}_{A}^{\mathrm{r}}(k)$ $\mathrm{Y}^{*}$ . $\alpha=\alpha_{\mathrm{Y}}$.
shiflml cyclic subgroup $\langle u_{\alpha}\rangle$ .
Corollary 73. irreducible subvariety $X\in \mathcal{V}c(k)$ p- $A$ support




(a) $X\not\in \mathcal{V}_{G}(M_{3})$ ;
(b) $\sigma’$ : $K\otimes M_{1}arrow K\otimes M_{2}$ StModK $\langle$ u $\rangle$ .
Theorem 74. $H$ $G$ . $V\subseteq Vc(k)$ closed subvariety
. $\mathrm{C}(V)^{\oplus}$ kG- $M$ StMod $kG$ $H$
subvariety $W\subseteq V_{H}(k)$
(1) $\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*}(W)=V$
(2) $l\subseteq W$ $r$ $A\leq H$ minimal support , $l=\mathrm{r}\mathrm{a}\mathrm{e}_{H,A}l’*$
. $s\in G\backslash H$ , $A^{s}\leq H$ $\mathrm{r}\mathrm{a}\mathrm{e}_{H,A^{\epsilon}}^{\mathrm{s}}(l^{\prime s})\not\subset W$
.
Proof. $\mathrm{C}=\mathrm{C}(V)$ .
, $\mathrm{C}^{\oplus}$ kG- $M$ StMod kG $H$
. idempotent module $E(V)$ kH- $e$ , $E(V)=$
$e^{G}$ . Mackey
$e^{G_{H}}= \sum_{HsH}e_{H^{\epsilon}\cap H^{H}}^{s}$
, $e_{H^{s}\cap H^{H}}^{s}$ $\tilde{e}_{s}$ . Madcey ,
$\mathcal{V}_{H}(E(V))=\cup \mathcal{V}_{H}(\tilde{e}_{s})HsH$




. $\mathrm{Y}\in \mathcal{V}_{H}(\tilde{e}_{s})$ $\mathcal{V}_{H}(\tilde{e}_{t})$ . $\mathrm{Y}$ $r$
$A\leq H$ support . Lemma 72 , $\mathrm{Y}\in \mathcal{V}_{H}(\tilde{e}_{s})\}$ shifted
cydic subgroup $\langle$ $u)$ . $\mathrm{Y}\not\in \mathcal{V}_{H}(\tilde{e}_{t})$ , $K\otimes\tilde{e}_{t}$ $K\{u\rangle$
. $\mathrm{Y}$ $\mathcal{V}_{H}(E(V))=\mathrm{r}\mathrm{a}\mathrm{e}_{G,H}^{*-1}(\mathfrak{H}(V))$ ,
$\mathrm{Y}\not\in \mathrm{r}\mathrm{a}\mathrm{e}_{G,H}^{*-1}(\mathcal{V}c(k)\backslash \mathfrak{H}(V))=\mathrm{r}\mathrm{a}\mathrm{e}_{G,H}^{*-1}v_{G}(F(V))=\mathcal{V}_{H}(F(V))$ .
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, Corollary 731 , triangle
$E(V)arrow k\sigmaarrow F(V)arrow\Omega^{-1}(E(V))$
$\sigma$
$\sigma’$ : $K\otimes E(V)arrow K$ $K\langle u\rangle$ .
,
$K \otimes E(V)_{|\langle u\rangle}=K\otimes\tilde{e}_{s|\langle u\rangle}\oplus\sum_{HtH\neq HsH}K\otimes\overline{e}_{t|\langle u\rangle}$
, $K\otimes\overline{e}_{S}$ , (u) , $K\langle u\rangle$ , ,
$\sum_{HtH\neq HsH}K\otimes\overline{e}_{t}$ $K\langle u\rangle$ . , $\mathcal{V}_{H}(\overline{e}_{s})\cap \mathcal{V}_{H}(\tilde{e}_{t})=\emptyset$
.
, variety $\mathcal{V}_{H}(\tilde{e}_{s})$ l 4 , , $\mathrm{Y}\in \mathcal{V}_{H}(\overline{e}_{s})$ $Z\subseteq$









. , kG- I $N$ subcategory $\mathrm{C}=\mathrm{C}(V)$ , Theorem 25(2)
, StMod kG $E(V)\otimes N\simeq N$ , StMod kH $N_{H}\simeq$
$\sum_{HsH}N_{H}\otimes\overline{e}_{s}$ . $N$ , kH- $L_{s}$
$N_{H}\otimes\tilde{e}_{s}\simeq L_{s}\oplus \mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ . ,
$\mathcal{V}_{H}(\overline{e}_{s})$ $=\mathcal{V}_{H}(N)\cap \mathcal{V}_{H}(\overline{e}_{s})$ $–\mathcal{V}_{H}(L_{s})=\mathfrak{H}(V_{H}(L_{s}))$
, .
, $6=e$ , $W=VH(L_{1})$ , $v_{H}(e)=fi(W)$ , , $\mathfrak{H}(V)=$
$\mathcal{V}_{G}(E(V))=\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*}\mathcal{V}_{H}(e)=\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*}\mathfrak{H}(W)$ , $V=\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*}W$ .
(1) .
(2) . $l\subseteq W$ minimal support p-
$A\leq H$ , $l=\mathrm{r}\mathrm{e}\mathrm{s}_{H,A}^{*}l’$ . $s\in G\backslash H$ . $A^{s}\leq H$
. Theorem 52(2) , $l’\in \mathcal{V}_{A}(e)$ . $A^{s}\leq H$ ,























$\mathcal{V}_{H}(e)\cap \mathcal{V}_{H}(\tilde{e}_{s})$ $=\emptyset$ , $\mathrm{r}\mathrm{e}\mathrm{s}_{H,A^{*}}^{*}l^{\prime s}\not\in \mathcal{V}_{H}(e)=\mathfrak{H}(W)$, , $\mathrm{r}\mathrm{e}\mathrm{s}_{H,A^{\epsilon}}^{*}l^{\prime s}\not\subset$
$W$ .
, subvariety $W\subseteq V_{H}(k)$ (2) , $V=\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*}W-$ . $W$
idempotent $kH$-modules $e=E(W),$ $f=F(W)$ $\langle$ . StMod $kG$
$E(V)\simeq e^{G}$ . , , $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$
$2.5(2)$ , $M\in \mathrm{C}^{\oplus}$ kH- StMod $kG$ .
triangle
$earrow k\sigmaarrow farrow\Omega^{-1}e$
$\sigma$ $G$ $\sigma\otimes 1$ : $e^{G}arrow k_{H}^{G}$ relative augumentation $\epsilon$ : $k_{H}^{G}arrow k(\mathrm{i}\mathrm{e}$,
$\sum_{t}a_{t}\otimes t\mapsto\sum_{t}$ a , triangle
$e^{G}arrow k\epsilon(\sigma\otimes 1)arrow f’arrow\Omega^{-1}(e^{G})$
. $V$ triangle
$E(V)arrow karrow F(V)arrow\Omega^{-1}(E(V))$
. , Remark 23
(i) $e^{G}$ $\mathrm{C}^{\oplus}$
(ii) U $f$’ $\mathrm{C}^{\oplus}$-local
. (i) $e=E(W)\in \mathrm{C}(W)^{\oplus}$ . (ii) , Lemma
22(1) , $\mathrm{C}$ $\mathcal{O}$). kG- $M$ , StMod kG
$\mathrm{H}\mathrm{o}\mathrm{m}(M, f’)=0$
. $M$ ,
$\mathrm{H}\mathrm{o}\mathrm{m}(M, f’)\simeq \mathrm{H}\mathrm{o}\mathrm{m}(k, M^{*}\otimes f’)$
. , $M^{*}\otimes f’$
$\circ$
. , $\mathcal{V}_{G}(M^{*})=\mathcal{V}c(M)$




, $X\in \mathfrak{H}(V)$ . $V=\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*}W$ , $\mathrm{Y}\in \mathfrak{H}(W)$ , $X=$
$\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*}\mathrm{Y}$ . p- $A\leq H$ $\mathrm{Y}$ support , Lemma 72
, $\mathrm{Y}$ shified cydic subgroup. $\langle u\rangle$ . idempotent module $f=F(W)$
variety $\mathcal{V}_{H}(f)=\mathcal{V}_{H}(k)\backslash \mathfrak{H}(W)$ , $\mathrm{Y}$ . , Corollary 73
, triangle
$K\otimes earrow Kdarrow K\otimes farrow K\otimes\Omega^{-1}e$
28
, $\sigma’$ , $K\langle u\rangle$ .
, $s\in G\backslash H$ $K\otimes\tilde{e}_{s}$ $K\langle u\rangle$ . , $\mathrm{Y}\not\in$
$\mathcal{V}_{H}(\overline{e}_{s})$ . variety $\mathcal{V}_{H}(\overline{e}_{s})$ ( $1_{\sqrt}\mathrm{a}$ , $l\subseteq \mathrm{Y}$
$\mathcal{V}_{H}(\tilde{e}_{s})$ . $l\in \mathcal{V}_{H}(\overline{e}_{s})$ . $\mathcal{V}_{H}(\tilde{e}_{s})=$
$\mathrm{r}\mathrm{e}\mathrm{s}_{H,H^{S}\cap H}^{*}\mathcal{V}_{H^{S}\cap H(e^{s})}$ , $l$ minimal support $H^{s}\cap H$ $\neg \mathfrak{o}$ p-
$B$ , $l=\mathrm{r}\mathrm{e}\mathrm{s}_{H,H^{S}\cap H}^{*}l0,$ $l_{0}=\mathrm{r}\mathrm{e}\mathrm{s}_{H^{s}\cap H,B}^{*}l’,$ $l’\in \mathcal{V}_{B}(e^{s})$ , .
$t=s^{-1}$ , $B^{t}\leq H$ , $\mathcal{V}_{B^{t}}(e)=\mathrm{r}\mathrm{e}\mathrm{s}_{H,B^{t}}^{*-1}\mathcal{V}_{H}(e)=\mathrm{r}\mathrm{e}\mathrm{s}_{H,B^{t}}^{*-1}fi(W)$ .
, $\mathrm{r}\mathrm{e}\mathrm{s}_{H,B^{t}}^{*}l^{\prime t}\in \mathfrak{H}(W)$ . , (2) , $\mathrm{r}\mathrm{e}\mathrm{s}_{H,B^{t}}^{*}l^{\prime t}\not\in \mathfrak{H}(W)$
, .
$H^{S}\cap Hl\in \mathcal{V}|\begin{array}{ll}\wedge() (s)\end{array}|Hl_{0}\in \mathcal{V}eH\cap H^{t}\overline{e}_{S}H$ $\wedge l_{0}^{t}\in \mathcal{V}_{H\cap H^{t}}(e)l^{t}\in \mathcal{V}_{H}(e)=\mathfrak{H}(W)$
$|\begin{array}{l}\wedge\vdots\end{array}|$
$\wedge$
$B$ $l’\in \mathcal{V}_{B}(e^{s})$ $B^{t}$
$l^{\prime t}\in \mathcal{V}_{B^{t}}(e)$
Mackey
$K \otimes e^{G_{H}}\simeq(K\otimes e)\oplus\sum_{HsH\neq H}K\otimes\overline{e}_{S}$
, 2 $K\langle u\rangle$ . relative augumentatioin $\epsilon$ $K$
$\epsilon’$ , $\epsilon’(\sigma’\otimes 1)$ : $K\otimes e^{G}arrow K$ $K\otimes e$ $\sigma’$ . [ ,
$K\langle u\rangle$ , , $\epsilon’(\sigma’\otimes 1)$ # $K\langle u\rangle$ ,
. Corollary 73 triangle
$e^{G}arrow k\epsilon(\sigma\otimes 1)arrow f’arrow\Omega^{-1}(e^{G})$
, $\mathrm{Y}\not\in \mathcal{V}_{H}(f’)=\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*-1}\mathcal{V}c(f’)$ . , $X=\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}^{*}\mathrm{Y}\not\in \mathcal{V}c(f’)$
. $\text{ }$ $X\in \mathfrak{H}(V)$ , $fi(V)\cap \mathcal{V}c(f’)=\emptyset$
.
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